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The metric-affine theory based on the Einstein-Hilbert action and its projective symmetry are
studied in detail. The possibility of having a non-vanishing shear hypermomentum presents con-
ceptual and observational difficulties. We show that the Standard Model of particle physics is only
compatible with vanishing shear hypermomentum thanks to a gauge invariance that amplifies the
projective one. We also show that the gravitational Lagrangian can be modified so that the ampli-
fied symmetry extends to the gravitational sector and hence to the whole action. In this way the
shear hypermomentum necessarily vanishes and the corresponding dynamical equation is automat-
ically satisfied by gauge invariance, hence resolving the difficulties. The new theory is dynamically
equivalent to Einstein-Cartan’s though genuinely metric-affine.
INTRODUCTION
In the early twenties of the last century Cartan realized
that Einstein’s relativity can be generalized to connec-
tions with torsion. Even before the spin of the electron
was discovered he inferred that the source of torsion was
the density of intrinsic angular momentum of matter [5].
With posterior contributions by Sciama [35] and Kibble
[23] this led to the development of the so called Einstein-
Cartan-Sciama-Kibble theory, according to which torsion
is only present inside matter. Indeed, according to the
field equations, torsion does not propagate [19] (modified
versions in which torsion propagates exist [13]).
This theory is yet regarded as one of the most elegant
viable alternatives to Einstein’s gravity. Its geometric
formulation owes much to Trautman [36–40] and to his
thorough use of differential forms and covariant exterior
differentiation, see also [27].
Since torsion enters the Raychaudhuri equation
through terms that do not have a definite sign [25, 26, 41]
it can avert the spacetime singularities predicted by sin-
gularity theorems. The possibly repulsive effect of tor-
sion became even more appealing with the discovery of
the accelerated expansion of the Universe. Since that
discovery the study of gravitational dynamics with tor-
sion experienced a resurgence as authors began explor-
ing new physics, being it quantum or classical. It was
thought that other generalizations of Einstein’s gravity
beside Einstein-Cartan’s that might more easily put to
experimental test could be possible.
A variety of alternatives were considered in which tor-
sion or non-metricity do not vanish. Aside Einstein-
Cartan theory we mention teleparallel gravity [1, 6, 15],
Weyl conformal gravity [28, 33, 45] (with trace of non-
metricity), the recently studied symmetric teleparallel
gravity [20, 21, 30] (no curvature, no torsion, with non-
metricity), Weyl-Cartan theory [29] (with trace of non-
metricity and torsion), Eddington-Schro¨dinger purely
affine theory [32] (with torsion and no metric) and the
most general metric-affine theories in which the connec-
tion is not constrained [18, 42, 43].
The last approach would have been the conceptually
more satisfactory because the Palatini’s variational prin-
ciple is more elegantly formulated without constraining
torsion or non-metricity a priori. Unfortunately, there
are some difficulties. In general affine-metric theories the
dynamical equation for the connection has as source the
hypermomentum [19]. This quantity splits into the an-
tisymmetric component, i.e. the spin density, the trace
component, vanishing due to projective symmetry of the
Einstein-Hilbert Lagrangian, and the shear (traceless)
component.
This last component poses some interpretational and
observational difficulties, for there is no known funda-
mental source with non-vanishing shear hypermomen-
tum, and indeed, as shown in this work, particles entering
the standard model of particle physics do not contribute
to it. The goal of this work is to show that the grav-
itational sector of the theory can be modified in such
a way that the very theory predicts that the shear hy-
permomentum must vanish, hence consistently with ob-
servation. The theory will be dynamically equivalent to
Einstein-Cartan’s though genuinely metric affine.
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2METRIC-AFFINE THEORIES AND
PROJECTIVE SYMMETRY
Soon after Hilbert introduced the variational approach
to Einstein’s equations, Palatini [31] noticed that the
variation with respect to the metric could be more eas-
ily accomplished in two steps, first varying with respect
to the metric and torsionless connection and then con-
sidering the variation of the Levi-Civita connection with
respect to the metric. This led Einstein to realize that the
metric and connection could be regarded as independent
variables [9, 10], through what is now known as Palatini’s
approach, and that one could even consider connections
with torsion. However, the projective change of connec-
tion forms
ωab → ω′ab = ωab + δabα (1)
where α is any 1-form, leaves invariant the Einstein-
Hilbert action, thus, as a result, the connection remains
undetermined though in the projective class of the Levi-
Civita connection [8, 36, 39]. In fact it is the dynamical
equation for the connection alone that provides this re-
sult
δLEH
δωab
= 0 ⇔ ∃α : ωab = (ω(g))ab + δabα. (2)
In order to fix the connection ωab to the Levi-Civita form
(ω(g))ab of general relativity some ‘gauge fixing’ has to
be imposed. Einstein observed that the conditions (a)
∇ is torsionless, or (b) the trace of the torsion vanishes,
are sufficient, but some other conditions were later pro-
posed, for instance one can assume that (c) the connec-
tion is metric or that (d) it is compatible with the metric
volume form [17], ∇ηg = 0. One can also recover the
Levi-Civita connection dynamically by introducing addi-
tional terms to the Lagrangian being them expressed in
terms of torsion and non-metricity [4, 11] or by means of
Lagrange multipliers [16].
In general the action will also have a matter part
S = SEH + SM =
∫
LEH(g,∇) +
∫
LM (g, ∂g,∇, φ)
thus this scheme of recovering the metric compatibility
condition from the variation of the gravitational action
can only work if LM does not depend on the indepen-
dently varied connection ∇, but just on the Levi-Civita
connection ∇g, and hence on the metric and its first
derivatives. Whenever LM depends on ∇ one can ex-
pect a departure from general relativity.
As soon as the projective transformations are allowed
one faces an important problem. We have mentioned that
the connection is determined by the dynamical equation
for ∇. It is convenient to express the Einstein-Hilbert
Lagrangian in terms of the metric components, and con-
nection form potentials and vierbein {ea}, as follows
L(gab, ωab, ea), and similarly for the matter part, then
the variation with respect to ωab gives
δLEH
δωab
+
δLM
δωab
= 0. (3)
The projective invariance of the gravitational action im-
plies
δLM
δωab
δab = 0. (4)
In order to satisfy this equation one can assume that LM
depends only on g and its derivatives, hence on ω(g)ab,
but not on ωab. This is certainly a possibility, but one
that renounces to the idea of minimal coupling and in
which the connection has a less important role than ex-
pected.
Sandberg [34] explored a different possibility. One
should not try to remove the projective invariance dy-
namically. The previous problem with the constraint (4)
could be solved by demanding the matter Lagrangian to
be also projectively invariant. In other words the pro-
jective symmetry could be understood as a gauge sym-
metry of the whole theory, not just of the gravitational
part. Among the papers that contributed to clarify this
point we mention [2, 3, 8, 12, 16]. However, Sandberg
considered only matter without spin and run into some
problems.
In order to better understand them let us introduce
some relevant objects and results. The curvature endo-
morphism is
Rab := dωab + ωac ∧ ωcb. (5)
Its components are introduced throughRab = Rabcd 12ec∧
ed, while the Ricci tensor and curvature scalar are Rab :=
Rcacb and R := Rabg
ab, respectively. The torsion is
T a := d∇ea = dea + ωab ∧ eb, (6)
where d∇ is the covariant exterior differential. The tor-
sion components are introduced through T a = T abc
1
2e
b∧
ec. The non-metricity is
Gab := gab;cec = d∇gab,
where the semicolon stands for ∇. The shear (traceless)
non-metricity is Gˇab := Gab − 14Ggab where G = gcdGcd is
the Weyl 1-form. Sometimes we shall have to display the
additional 1-form index, so we shall write Gabc := gab;c,
or Gd for the components of G.
The Bianchi identities are
d∇T a = Rab∧eb, d∇Rab = 0, d∇Gab = −Rab−Rba.
(7)
With η(g) or simply with η or dvol we denote the volume
form induced by the metric. In components
η(g) = η
(g)
abcd
1
4!e
a ∧ eb ∧ ec ∧ ed,
3η
(g)
abcd =
√−det gab[abcd] with [abcd] totally anti-
symmetric symbol with [1234]=1.
Let L = L(gab, ωab, ea) be a Lagrangian expressed in
terms of connection form, metric coefficients and vier-
bein. The variation of the integral
∫L reads
δ
∫
L =
∫ (
δL
δgab
δgab +
δL
δωab
∧ δωab + δL
δea
∧ δea
)
The invariance of the integral under diffeomorphisms im-
plies [24] [18, Sec. 5.2.1]
δL
δgab
Gabcζc + δL
δωab
∧ iζRab + δL
δea
∧ iζT a + ζad∇ δL
δea
= 0
(8)
for every vector field ζ. Moreover, if L depends on just
(g,∇) the invariance of the integral under general linear
transformations of the vierbein results into the equation
[36, Eq. I.3]
δL
δea
∧ eb = 2 δL
δgrb
gra + d
∇ δL
δωab
. (9)
The Einstein-Hilbert Lagrangian is
LEH = 12η(g)abcdRasgsb ∧ ec ∧ ed
= 14η
(g)
abcdR
ab
ste
s ∧ et ∧ ec ∧ ed = Rdvol,
Let us introduce the Einstein tensor Gab through the
identity
δLEH
δgab
= −Gabdvol,
where the variation is taken at ωab and e
a fixed. It im-
plies
Gab = R(ab) − 12Rgab. (10)
Let us introduce the Hilbert 3-form
τd =
1
2
δLEH
δed
= 12ηabcdRasgsb ∧ ec
which is such that LEH = τd ∧ ed. Let us define τdr
through
τd =
1
6τd
rηruvze
u ∧ ev ∧ ez (11)
so that
τab =
1
2 (Rb
r
ar +R
r
bra)− 12Rgab. (12)
Notice that τab is not necessarily symmetric. From (11)
we get
τp ∧ eq = −τpqdvol (13)
thus a condition equivalent to symmetry is τp ∧ eq =
τ q ∧ ep.
The next result clarifies the role of the projective in-
variance
Theorem 1. The quantities LEH , R(ab), R, Gab, τab,
Gˇab,
Rdcab − δdcR[ab], (14)
Thab − 14δh[aGb], (15)
and its trace T ssb− 34Gb are all invariant under the projec-
tive change (1). Every tensor Qa
b which is projectively
invariant has a projectively invariant divergence Qa
b
;b.
Finally, if the equation δLEHδωab = 0 holds then Gab = τab
and this tensor coincides with the usual general relativis-
tic Einstein tensor constructed from the Levi-Civita con-
nection.
The first statement can be straightforwardly checked
passing through the preliminary result, easily deducible
from (5),
R′dcab = Rdcab + δdc2∂[aαb],
R′ab = Rab + 2∂[aαb].
as done in [16], see also [8, 12]. The projective invariance
of τab does not seem to have been previously noticed.
Its invariance can be derived noticing that LEH is in-
variant and so must be its variation with respect to the
vierbein. This observation provides also a quick justifi-
cation for the projective invariance of Gab as this tensor
is obtained from the variation of LEH with respect to
gab. The projective invariance of Gˇab is immediate from
G′ab = Gab−2gabα. From Eq. (6) we have T ′a−T a = α∧ea
and from
G′ = G − 8α (16)
we get the invariance of (15).
The second statement is immediate from a direct cal-
culation
Qa
b
;′b = Qa
b
;b −Qrb(δraαb) +Qar(δbrαb) = Qab;b
Interestingly Qab;b is not projectively invariant.
The last statement of the theorem follows from (2)
and from the symmetries of the Riemann tensor for the
Levi-Civita connection. Actually, the identity Gab = τab
follows also from Eq. (9).
Of course, as observed in [3, 16] unparametrized
geodesic are also preserved by (1), as it follows from
a well-known result by Weyl according to which two
geodesic equations x¨a+Γabcx˙
bx˙c = 0 and x¨a+Γ′abcx˙
bx˙c = 0
share the same solutions up to parametrization if and
only if
Γ′a(bc) = Γ
a
(bc) + δ
a
(bαc)
for some 1-form α. This means that the ∇-free fall is
not affected by a projective change (still the geodesics
for ∇ and ∇(g) could differ if they are not projectively
related). Similarly, the reading of a clock over a timelike
4geodesic is not affected as this is a metric notion hence
independent of the connection. Since Gab is invariant
and equal to the stress-energy momentum tensor many
observables connected to the source are also expected to
be projectively invariant. This really suggests to regard
the projective symmetry as a full symmetry of nature,
an idea that is implemented by demanding the projective
invariance of the matter Lagrangian.
Let us denote δLδωab := g
ac δL
δωcb
. It is convenient to
introduce the tensor density Smnh through
δLM
δωmn
= −Smnh 16huvzeu ∧ ev ∧ ez. (17)
The density Smnh has been called hypermomentum [22]
[18]. Let us define the trace Sh = gmnS
mnh and the
shear hypermomentum
Sˇmnh := S(mn)h − 14Shgmn.
Then the hypermomentum splits into an anti-symmetric
contribution S[mn]h and a symmetric contribution
S(mn)h, where the latter splits further intro trace (di-
lation) and shear parts
Smnh = S[mn]h + Sˇmnh + 14S
hgmn.
The anti-symmetric term is sometimes called spin den-
sity for it is easy to show that the Dirac Lagrangian con-
tributes to it.
The dynamical equation for the connection (3) splits
into anti-symmetric and symmetric parts. The anti-
symmetric part of (3) is
Thab− 14δh[aGb] = −S[ab]h− 12S[ra]rδhb+ 12S[rb]rδha+Gˇh[ab]
(18)
where the left-hand side is projectively invariant. When
the non-metricity vanishes this equation becomes the
standard dynamical equation for the torsion in the
Einstein-Cartan theory. The symmetric part of (3) splits
further into the following equations
Sh = 0, (19)
2Sˇmnh = Gˇnrrghm + Gˇmrrghn − Gˇhnm − Gˇhmn, (20)
where the former equation is due to the projective invari-
ance of SEH , cf. Eq. (4). The latter equation is equivalent
to the following equation [22]
Gˇabc = −Sˇbca − Sˇacb + Sˇbac + 12 Sˇcrrgab. (21)
Substituting back in (18) we arrive at
ghsT
s
ab− 14gh[aGb] = −S[ab]h − 12S[ra]rghb + 12S[rb]rgha
− Sˇh[ba] + Sˇh[ab] + 12gh[aSˇb]rr
(22)
The torsion cannot be completely determined due to pro-
jective invariance of the gravitational action and hence of
the projective indeterminacy of the connection. Only the
projectively invariant combination on the left-hand side
is dynamically determined.
If δLEHδωab = 0 then by Eq. (3) S
abc = 0 which simplifies
the previous equation leading to Eq. (2). Indeed, Eq. (21)
tells us that the shear non-metricity vanishes while Eq.
(18) tells us that with a suitable projective transforma-
tion both the full non-metricity and torsion vanish, thus
the connection is Levi-Civita up to a projective transfor-
mation.
These calculations allow us to summarize below the dy-
namics of the metric-affine theory based on the Einstein-
Hilbert action, but also to consider more specialized re-
lated theories.
These more specialized theories start from more con-
strained geometries. The constraints imply that some
variations of the connection are not allowed and so some
hypermomentum components are not defined. Similarly,
some variational equations have to be dropped.
Observe that under a variation of the connection
δGab = −2δω(ab), so using the frame independent de-
composition
δωab = δω[ab] + δˇωab +
1
4
gabδω (23)
we get
δGˇab = −2δˇωab, δG = −2δω. (24)
The variation of the matter Lagrangian with respect
to the connection reads, using Eq. (17)
δLM = − 16huvzeu ∧ ev ∧ ez ∧
(
S[ab]hδω[ab]
+Sˇabhδˇωab +
1
4S
hδω
)
.
Thus if G = 0 then Sh is not defined. Similarly, if Gˇab = 0
then Sˇabc is not defined. We see that the spin density
S[ab]c is always well defined.
Let us now briefly consider what type of conditions
might remove the projective invariance. Since T ssb− 34Gb
is determined by the dynamics, as it is evident by taking
the trace of (22), and it is projectively invariant, fixing
T ssb has the same effect as fixing Gb and hence removes
the symmetry due to (16). Still the most natural way of
removing the projective symmetry seems to be through
the condition G = 0 as this mechanism does not need to
invoke any dynamical equations. It should be observed
that the condition T ssb − 34Gb = 0 being projectively
invariant, does not remove the projective symmetry.
(Fully) Metric-affine theory
The dynamical equations of the metric-affine
theory based on the Einstein-Hilbert La-
grangian are
2τa +
δLM
δea
= 0, (25)
5Eq. (21) and Eq. (22), while Eq. (19) is a con-
straint on the matter Lagrangian due to con-
sistency with the projective invariance of the
gravitational action. It can be accomplished
dynamically by demanding projective invari-
ance of the matter action, as observed by
Sandberg [34]. These equations clarify that
the source of shear non-metricity is the shear
hypermomentum and that
Gˇabc = 0⇔ Sˇabc = 0.
On the contrary, torsion receives a contribu-
tion from both spin density and shear hyper-
momentum. The dynamical equations also
show that both non-metricity and torsion do
not propagate and so are only expected inside
matter.
Non-dilational metric-affine theory
We assume that the geometry is constrained
by the condition G = 0. The projective in-
variance of the previous metric-affine theory
is removed and the equations are (25) and
Gˇabc = −Sˇbca − Sˇacb + Sˇbac + 12 Sˇcrrgab. (26)
ghsT
s
ab = −S[ab]h − 12S[ra]rghb + 12S[rb]rgha
− Sˇh[ba] + Sˇh[ab] + 12gh[aSˇb]rr.
(27)
It does not make sense to speak of the compo-
nent Sh of the hypermomentum since the con-
straint G = 0 implies δωabgab = 0. Namely,
the variation that one would need to define
Sh is not allowed. The torsion is fully deter-
mined by the dynamical equations as in the
Einstein-Cartan theory.
Dilational Einstein-Cartan theory
We assume that the geometry is constrained
by the vanishing of the shear non-metricity,
Gˇab = 0. The projective invariance of the
metric-affine theory is still present. The equa-
tions are (25) and
ghsT
s
ab − 14gh[aGb] = −S[ab]h − 12S[ra]rghb
+ 12S[rb]
rgha
(28)
and we have still the constraint Sh = 0 to be
imposed on the matter Lagrangian. Again it
can be dynamically realized by using a projec-
tive invariant LM . It does not make sense to
speak of shear hypermomentum because the
variation needed for its definition cannot be
accomplished due to the geometric constraint
Gˇab = 0.
Einstein-Cartan theory
In the Einstein-Cartan theory one assumes
vanishing non-metricity from the outset,
Gab = 0. The projective invariance of the
metric-affine theory gets removed. The equa-
tions are (25) and
ghsT
s
ab = −S[ab]h − 12S[ra]rghb + 12S[rb]rgha. (29)
The torsion is fully determined and non-
propagating. As above, it does not make
sense to speak of the symmetric hypermo-
mentum component S(ab)c, and hence of Sˇabc
or Sh.
Let us now discuss a problem with the fully metric-
affine theory, or with its non-dilational version. The main
issue with this theory is that no observed property of
matter seems to correspond to the shear hypermomen-
tum. We simply don’t know what it is as we do not have
any example of matter with non-vanishing shear hyper-
momentum. The same is true for the dilation hypermo-
mentum but in this case this fact is not that problematic
as the gravitational action is projectively invariant. The
absence of a dilation hypermomentum signals that the
projective invariance can be promoted to a full symme-
try of the total action as suggested by Sandberg [34].
One could be content with the metric-affine theory as
described above, hoping that sooner or later matter with
shear hypermomentum will be found. Mathematically it
is not completely clear what this could mean. In flat
spacetime the study of the irreducible representations of
the Poincare´ group has clarified that elementary particles
are characterized by mass and spin [44]. At the funda-
mental level there is simply no other relevant property
of matter to which one can appeal to give meaning to
the shear hypermomentum (see also the discussion on
the Dirac Lagrangian in the next section). One would
need to work with representations of the full affine group
but that would mean that the vacuum spacetime is not
Minkowskian, that is, one would have to get rid of the
Lorentzian metric in some way (for otherwise the rele-
vant linear group would be the Lorentz group). The very
notion of Lorentzian spacetime seems to be incompatible
with the notion of non-vanishing shear hypermomentum.
Of course, the theory is perfectly viable under the as-
sumption that there is no matter bringing shear hyper-
momentum so that, by the dynamical equation, Gˇab =
0. The theory would reduce to the dilational Einstein-
Cartan theory and so it could not be considered as gen-
uinely metric-affine.
A METRIC-AFFINE THEORY WITH
AMPLIFIED SYMMETRY
In this section we solve the previous problem with the
shear hypermomentum. The idea is to extend the pro-
6jective symmetry to an amplified symmetry
ωab → ω′ab = ωab +Aab, Aab = Aba (30)
where Aab is a matrix-valued 1-form.
The observed absence of the shear hypermomentum,
Sˇmnh = 0, is obtained much in the same way as Sh = 0
was obtained, that is, thanks to the symmetry of the
action.
In order to accomplish the amplified symmetry on the
gravitational sector we need to modify the Lagrangian.
We do it by adding terms proportional to the non-
metricity squared. For a more radical modification that
makes the Lagrangian totally independent of the con-
nection see [14]. Notice that most often authors have
modified the Lagrangian to remove the projective sym-
metry rather than to enlarge it [4, 11]. Let us consider
the expression
Lλ = 18 ηabcd[(1− λ)d∇g−1 ∧ d∇g + 4R]asgsb ∧ ec ∧ ed
=
(
R− 1−λ4 GrssGrtt + 1−λ4 GuvzGuzv
)
dvol (31)
which reduces itself to Einstein-Hilbert’s for λ = 1. Our
candidate is L0 which indeed enjoys the amplified sym-
metry (see Appendix I), hence
δL0
δω(ab)
= 0. (32)
For λ 6= 0, the invariance is restricted to the projective
form (1). The projective invariance can be verified at
sight since it can be easily checked that in (31) the non-
metricity G can be replaced with the projective invariant
tensor Gˇ. Thus for λ 6= 0 we get the weaker equation
δLλ
δωab
δab = 0.
Remark 2 (The canonical metric representative). It can
be observed that the condition of metric compatibility
defines an affine space on the space of connections. To
see this observe that if ω¯ab is a fixed connection and
ωab = ω¯
a
b + B
a
b is an arbitrary connection, then the
condition of metric compatibility for ω reads
0 = d∇¯g −Bab −Bba
which is affine in the coordinates Bab. A change of con-
nection as above ω˜ab = ω
a
b +A
a
b, with Aab = Aba, does
not preserve the non-metricity, instead it defines lines on
connection space that are transverse to the hyperplane of
metric compatibility and hence they define a projection
on it. Thus ω˜ is metric compatible if
(d∇g)ab = Aab +Aba = 2Aab
which allows us to determine the metric compatible pro-
jection
ω˜ab = ω
a
b +
1
2g
ar(d∇g)rb, (33)
which we call canonical metric (connection) representa-
tive. Its torsion is
T˜ a = T a+ 12g
ar(d∇g)rb∧eb = (T abc−Ga[bc]) 12eb∧ec (34)
In other words the amplified symmetry determines an
equivalence relation among connections. In each equiva-
lence class we can select one canonical metric connection
ω˜ whose (canonical) torsion is given by (34). The canon-
ical torsion is invariant under the amplified symmetry.
Let us study the variational derivatives of Lλ so as to
be able to write down the dynamical equations in pres-
ence of matter. The (modified) Hilbert 3-form is
τd =
1
2
δLλ
δed
= − 18 ηabcd[(1− λ)(g−1d∇g) ∧ (g−1d∇g)− 4R]asgsb ∧ ec
(35)
so that Lλ = τd ∧ ed. Let us define τdr as before through
Eq. (11) then
τab =
1
2 (Rb
r
ar +R
r
bra)− 12Rgab+ 1−λ8 gbsδsuvamnGmtuGtnv.
(36)
Let us introduce the symmetric generalized Einstein
tensor Gmn through
δLλ
δgmn
= −Gmndvol,
where the variation is taken at ωab and e
a fixed, then
Gmn = R(mn) − 12Rgmn − 1−λ4
{
2(R(am)a
n +R(an)a
m)
+ δpuvabc Ga(mpgn)b(T cuv − Gc[uv])
+ 2gmn
(− 14GrssG tr t + 14GuvzGuzv)
+Gs(nm)Gsbb − Gsb(mGn)sb
}
(37)
The dynamical equation for the connection takes the
form
grm
δLλ
δωrn
= Smnh 16huvze
u ∧ ev ∧ ez.
Notice that since the variational derivative on the left-
hand side is taken at components gab fixed, we can also
write for the left-hand side δLλδωmn . We can split this equa-
tion into anti-symmetric and symmetric parts.
For what concerns the anti-symmetric part, the left-
hand side of the equation δLλδω[mn] = S
[mn]h 1
6huvze
u∧ev ∧
ez can be rewritten
δLλ
δω[mn]
= gmagnbηabcde
c∧ [T d+ 12 (g−1d∇g)dr ∧ er] (38)
while the equation itself reads (it is the analog of [36,
Eq. I.12] in Einstein-Cartan theory)
Thab − Gh[ab] = −S[ab]h − 12S[ra]rδhb + 12S[rb]rδha. (39)
7It does not depend on λ and displays on the left-hand
side an amplified symmetry invariant, i.e. the canonical
torsion in components. Notice that Eq. (39) can be used
to simplify Eq. (37) where we took care in isolating a
term given by the canonical torsion. By Eq. (39) the
spin density vanishes if and only if the canonical torsion
vanishes.
For what concerns the symmetric part, the left-hand
side of the equation δLλδω(mn) = S
(mn)h 1
6huvze
u ∧ ev ∧ ez
can be rewritten
δL
δω(mn)
= λ4 ηabcdg
sb(gamgnz + gangmz)(d∇g)zs ∧ ec ∧ ed
while the equation itself is equivalent to the next formulas
Sh = 0, (40)
Sˇmnh = λ2 (Gˇnrrghm + Gˇmrrghn − Gˇhnm − Gˇhmn), (41)
where the latter equation is equivalent to the following
equation
λGˇabc = −Sˇbca − Sˇacb + Sˇbac + 12 Sˇcrrgab. (42)
Notice that λ = 0 ⇒ S(bc)a = 0. Stated in another way,
the theory with Lagrangian L0 predicts the observed
absence of shear hypermomentum. It is now clear that
we just extended the mechanism already present in San-
berg’s theory for Sh. The equation S(bc)a = 0 can be
automatically satisfied by the matter analog of Eq. (32)
once the matter Lagrangian is invariant under the ampli-
fied symmetry. Whether this is the case will be discussed
below.
Theorem 1 can be generalized as follows
Theorem 3. The canonical torsion
T abc − Ga[bc] (43)
and its trace T ssc − Ga[ac] are amplified symmetry in-
variant. The quantities Lλ, Gab and τab are all amplified
symmetry invariant for λ = 0 and projectively invariant
for λ 6= 0. Moreover, if the equation δLλδωab = 0 holds (for
λ = 0 it is equivalent to the vanishing of the canonical
torsion) then Gab = τab and this tensor coincides with
the usual general relativistic Einstein tensor constructed
from the Levi-Civita connection.
Proof. The amplified (or projective) symmetry invariance
of Gab and τab follows from that of Lλ since they are
variational derivatives with respect to the metric and
vierbein respectively. We also checked it through direct
calculation. The invariance of (43) follows easily from
(6). The identity Gab = τab follows from Eq. (9) ap-
plied to Lλ. If λ = 0 as Eq. (39) holds, the canonical
torsion vanishes, which means that the canonical metric
representative is the Levi-Civita connection. By the am-
plified symmetry, Gab can be calculated using the Levi-
Civita connection, in which case its expression reduces to
the standard one due to the symmetries of the Riemann
curvature for the Levi-Civita connection. If λ 6= 0 we
have only projective invariance but from Eq. (42) we get
that the shear non-metricity vanishes. Through a projec-
tive change, cf. Eq. (16), we get a connection for which
the whole non-metricity vanishes while Gab remains the
same. The Eq. (39) tells us that Thab−Gh[ab] = 0 where
the expression on the left-hand side is projectively in-
variant, thus the new representative has also vanishing
torsion thus it is the Levi-Civita connection.
Observe that for λ = 0, since τab and Gab are amplified
symmetry invariant, we can choose to evaluate them on
the canonical metric representative. By the additional
curvature symmetry which follows from Eq. (7) the ex-
pressions for these tensors (36)-(37) simplify to those for
metric compatible connections as in the Einstein-Cartan
theory (10)-(12). Thus, the whole theory becomes equiv-
alent to the Einstein-Cartan theory though it is metric-
affine.
Let us discuss whether the amplified symmetry is sat-
isfied by the matter Lagrangian. So far the basis {ea}
was arbitrary, but for discussion of the Dirac equation it
will be convenient to work with orthonormal basis, that is
gab = ηab. The next result shows that the decomposition
(23) of the variation of the connection can be introduced
for the connection itself provided we stay in orthonormal
bases.
Lemma 4. Let ∇ be a linear connection on TM → M
and let us denote with ωab the connection 1-form po-
tentials on M in possibly anholonomic frames. Let g
be a metric on M (neither compatibility of ωab with
the metric nor vanishing torsion are assumed). Then
for changes between g-orthonormal frames, the 1-forms
gamω[mb] transform as potentials for (and hence define)
a linear connection which is compatible with the metric
while ω(ab) transforms as a tensor.
Thus the theorem tells us that, given a metric, it makes
sense to speak of the antisymmetric and symmetric parts
of a connection and it gives a simple way to calculate
these parts in an orthonormal frame. The components
in a non-orthonormal frame are not so easily computed
starting from ωab.
Proof. Under the frame change
e¯b = Gbae
a,
g¯as = gut(G
−1)ua(G−1)ts,
ω¯ab = G
a
rd(G
−1)rb +Garωrs(G−1)sb.
Thus
ω¯ab = (G
−1)uagurd(G−1)rb + (G−1)uaωus(G−1)sb,
8from which we get
ω¯[ab] = (G
−1)uagurd(G−1)rb + (G−1)uaω[us](G−1)sb
+ 12 (G
−1)ub(dgur)d(G−1)ra − 12dg¯ab,
ω¯(ab) = (G
−1)uaω(us)(G−1)sb + 12dg¯ab
− 12 (G−1)ub(dgur)d(G−1)ra.
We obtain the desired conclusion using dgur = dg¯ab = 0.
The fact that the antisymmetric part defines a metric
connection ∇˜ is clear from (d∇˜g) = dgab−ω[ab]−ω[ba] =
0.
The Dirac Lagrangian is [7, 13]
LD = k
√−g[ i2 (ΨγaeµaDµΨ−DµΨγaeµaΨ)−mΨ¯Ψ]
where k is a proportionality constant and where
Dµ = ∂µ +
1
2ωµ
abσab, σab = − 14 [γa, γb] .
Notice that we displayed the 1-form index of the connec-
tion. Clearly this matter Lagrangian satisfies the am-
plified symmetry because σab = −σba so that ωµab can
actually be replaced by ωµ
[ab]. The gauge bosons mediat-
ing the fundamental interactions of the electromagnetic,
weak and strong forces are described by Lagrangians
built from the curvatures of suitable connections. These
connections are different from the spacetime connection
ωab, in fact the latter does not enter these Lagrangians.
Finally the Higgs is a scalar hence the spacetime connec-
tion does not enter its Lagrangian either.
We conclude that the full Lagrangian of the Standard
Model shares the amplified symmetry, and hence that
there is no symmetric hypermomentum.
CONCLUSIONS
The very foundations of differential geometry suggest
to regard the metric and the connection as independent
variables. This point of view, pioneered by Palatini and
Einstein, naturally leads to the consideration of general
metric-affine theories in which no constraint on the con-
nection is imposed. The Einstein-Cartan theory is not
metric-affine since the compatibility with the metric is
demanded from the outset. However, we have shown
that in the metric-affine theory based on the Einstein-
Hilbert action the shear non-metricity depends solely on
the shear hypermomentum and that the latter vanishes
for the Standard Model of particle physics (and hence for
any reasonable matter Lagrangian). This means that the
Einstein-Cartan dynamics can be obtained from a metric-
affine theory based on the Einstein-Hilbert action.
Nevertheless, it is a bit upsetting that the gravitational
sector in such a metric-affine approach could be consis-
tent with a non-vanishing shear hypermomentum, for it
appears as just a chance that the matter Lagrangian does
not induce shear hypermomentum. A more satisfactory
approach is obtained through a modification of the grav-
itational sector such that the gravitational action too be-
comes amplified symmetry invariant. In this way the
amplified symmetry can be regarded as a true symmetry
of nature. This new metric-affine theory is still equiva-
lent to Einstein-Cartan’s but now it predicts the observed
vanishing of the shear hypermomentum so that the inter-
pretational issues related with a potential non-zero value
of the last concept are completely solved.
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APPENDIX I: PROOF OF THE AMPLIFIED
SYMMETRY
The matrix-valued 2-form
Wcd = ηabcd[4R− g−1d∇g ∧ g−1d∇g]asgsb
enters the expression of the Lagrangian L0, indeed L0 =
1
8Wcde
c ∧ ed, cf. Eq. (31). In this section we check its
invariance under the (amplified) changes
ωab → ω′ab = ωab +Aab, Aab = Aba (44)
where Aab is a matrix-valued 1-form. We shall also write
A = Aabea ⊗ eb. The curvature transforms as follows
R′as = Ras + d∇Aas +Aac ∧Acs
where
d∇Aas = dAas + ωac ∧Acs +Aac ∧ ωcs
is the covariant exterior differential of Aas. As for the
change in the non-metricity we have
gard∇
′
grb = g
ard∇grb −Aba −Aab = gard∇grb − 2Aab.
From the expression of Wcd we see that the quadratic
term in A gets cancelled because an opposite contribution
comes from the curvature (no such cancellation can take
place for Lλ, λ 6= 0), hence, shortening the notation,
g−1d∇
′
g = g−1d∇g − 2A
and
(g−1d∇
′
g) ∧˙ (g−1d∇′g) = (g−1d∇g) ∧˙ (g−1d∇g) + 4A ∧˙A
− 2A ∧ g−1d∇g − 2g−1d∇g ∧A.
9Substituting
[4R′ − (g−1d∇′g) ∧˙ (g−1d∇′g)]g−1
= [4R− (g−1d∇g) ∧˙ (g−1d∇g)]g−1 + 4(d∇A)g−1
+ 2A ∧ g−1(d∇g)g−1 + 2g−1d∇g ∧Ag−1
= [4R− (g−1d∇g) ∧˙ (g−1d∇g)]g−1 + 4(d∇A)g−1
− 2A ∧ dg−1 + 2g−1d∇g ∧Ag−1
= [4R− (g−1d∇g) ∧˙ (g−1d∇g)]g−1 + 2d∇(Ag−1)
+ 2g−1g(d∇A)g−1 + 2g−1d∇g ∧Ag−1
= [4R− (g−1d∇g) ∧˙ (g−1d∇g)]g−1 + 2d∇(Ag−1)
+ 2g−1d∇(gA)g−1.
The last two terms are symmetric so get cancelled by
the contraction with ηabcd. In conclusion, we proved the
invariance
W ′cd = Wcd,
and hence L′0 = L0.
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